Abstract. In this paper we establish an analogue of the classical Lichnerowicz' theorem giving a sharp lower bound of the first non-zero eigenvalue of the sub-Laplacian on a compact seven-dimensional quaternionic contact manifold, assuming a lower bound of the qc-Ricci tensor, torsion tensor and its distinguished covariant derivatives.
Introduction
The aim of this paper is to prove a seven-dimensional version of the main result established in [22] . Namely, we give a sharp lower bound of the first non-zero eigenvalue of the sub-Laplacian on a compact seven-dimensional quaternionic contact (abbr. QC) manifold, assuming some condition on the qc-Ricci tensor, torsion tensor and its derivatives. We pay attention to the fact, that a similar result has established in our resent paper [23] , in which it is concerned the so called P-function and its non-negativity for any eigenfunction.
The problem concerning the sharp estimation of the first eigenvalue of the sub-Laplacian arises from the classical Lichnerowicz' theorem [33] , giving a sharp lower bound of the first eigenvalue of the (Riemannian) Laplacian on a compact Riemannian manifold, assuming some a-priori estimate on the Ricci tensor. More precisely, it was shown in [33] that for every compact Riemannian manifold (M, g) of dimension n for which the a-priori estimate ( 
1.1)
Ric(X, Y ) ≥ (n − 1)g(X, Y ) holds true, the first positive eigenvalue λ 1 of the Laplacian satisfies the sharp estimate (1.2) λ 1 ≥ n.
The above estimate is sharp in the sense that the equality is attained on the round unit n-dimensional sphere S n (1). In a natural way, a similar question arises in the sub-Riemannian geometry. Recently, a number of Lichnerowicz-type results are established in the CR case. All of them are provoked by the Greenleaf's work [17] , in which it is obtained a Lichnerowicz-type result for a (2n + 1)-dimensional CR manifold, n ≥ 3. Subsequently, the above result was extended to the case n = 2 in [34] , where the authors have used the Greenleaf's method. Another, more restrictive result can be found in [1] . In the quaternionic contact geometry a sharp estimate of the first eigenvalue of the sub-Laplacian is established in [22] for the (4n + 3)-dimensional QC manifolds, n ≥ 2.
The situation is more delicate in the lowest dimensions in the CR geometry and the QC geometry. The reason that this happens is that in the low-dimensional geometries appear some additional difficulties, which require a different geometric analysis, see [18, 20] for the QC case. In the CR, as well as in the QC low-dimensional geometries it is necessary to be involved some different methods in comparison with these in the bigger dimensions. An exception to the rule is the conformal flatness problem, where there are no differences between the seven and the bigger dimensional cases in the QC geometry, in contrast to the CR geometry, see [6, 12, 30, 25] . In the three-dimensional CR geometry a sharp estimate is obtained in [13] , where, in contrast to the bigger dimensions, the author involves the CRPaneitz operator and imposes the additional assumption for its non-negativity (some related results in the CR geometry appear in [7, 8, 9, 10] and [11] ). In the seven-dimensional QC geometry a similar result has established in [23] , where the authors introduce a non-linear C operator, motivated by the Paneitz operators, which appear in the Riemannian and the CR geometries. Precisely, the next theorem holds. 
for every horizontal vector field X. If, in addition, the P −function of any eigenfunction of the sub-Laplacian is non-negative, then for any eigenvalue λ of the sub-Laplacian △ we have the inequality
Moreover, another proof of the main result in [22] is given in [23] via the (established) non-negativity of the P -function in the higher dimensions.
Another Lichnerowicz-type result in the 3D CR geometry is proved in [34] , where the Ricci tensor, the torsion tensor and some its covariant derivatives partake in the a-priori condition. The main result of the present paper is namely a QC analog of the upper result.
Our main result follows. 
for any horizontal vector field X, where
Then for the first nonzero eigenvalue λ of the sub-Laplacian the next sharp estimate holds true
The torsion tensor T 0 , the QC-Ricci tensor Ric and the normalized QC-scalar curvature S are defined in (2.6) and (2.11). See Convention 1.4 about the summation rules in the definition of the function A(X).
Another natural question that arises from the Riemannian geometry is stadying the case of equality in the estimate (1.6) of Theorem 1.2. The corresponding problem in the Riemannian case was considered by Obata [36] . More precisely, as a consequence of his more general result, it can be stated, that the equality in (1.2) is attained iff the Riemannian manifold (M, g) is isometrical to the unit sphere S n (1) endowed with the round metric, as (1.1) holds. This result has provoked a similar question in the sub-Riemannian geometry and in particular in the CR geometry, where the problem is successfully solved, see [28, 29, 35] .
The corresponding question in the QC geometry is completely resolved for the bigger dimensions (dimM ≥ 11) in [24] , but it remains still open in the seven-dimensional case, except of the 3−Sasakian case [23, Corollary 1.2] , where it is shown that the minimal possible eigenvalue of the sub-Laplacian is attained only on the standard unit 3−Sasakian sphere (up to a QC-equivalence).
In [21] the authors describe explicitly the eigenfunctions corresponding to the first eigenvalue of the sub-Laplacian on the standard unit 3−Sasakian sphere.
In connection with the studying of the equality cases in the estimates (1.4) and (1.6) we get as a simply consequence from Theorem 1.1 and Theorem 1. a) The inequality (1.3) is satisfied and 
a,b=1 P (e b , e a , e a , e b ); d) the triples (i, j, k) and (s, t, u) denote cyclic permutations of (1, 2, 3); e) s will be a number from the set {1, 2, 3}, s ∈ {1, 2, 3}.
Preliminaries on the quaternionic contact geometry
The quaternionic contact structures were introduced by O. Biquard [4] . One can think these are quaternionic analogues of the CR structures. We refer the reader to [18] , [25] and [27] for comprehensive exposition and further results. 
hold. A manifold M, endowed with a QC structure is called a quaternionic contact (QC) manifold, and is denoted by
Note that given a QC structure generates a 2-sphere bundle Q of almost complex structures on H, locally given by Q = {aI 1 + bI 2 + cI 3 |a 2 + b 2 + c 2 = 1}. As Biquard shows in [4] , given a contact form η on M determines in a unique way the metric and the quaternionic structure on the horizontal space H (if they exist). Moreover, the rotation of the contact form and the quaternionic structure (i.e. the almost complex structures I 1 , I 2 and I 3 ) by the same rotation gives again a contact form and an almost complex structures, satisfying the above conditions (the metric is unchanged). Another essential fact is that given a horizontal distribution and a metric on it determine at most one 2-sphere bundle of associated contact forms and a corresponding 2-sphere bundle of almost complex structures [4] .
Basic (and essential) examples of QC manifolds are the quaternionic Heisenberg group G(H) (the flat model), endowed with the corresponding QC structure, and the 3-Sasakian manifolds, see [27] .
On a quaternionic contact manifold with a fixed horizontal distribution H and a metric g on it there exists a canonical connection, the Biquard connection, defined in [4] . Precisely, the next theorem holds. (1) ∇ preserves the decomposition H⊕V and the Sp(n)Sp(1)-structure on H, i.e. ∇g = 0 and ∇σ ∈ Γ(Q) for any section σ ∈ Γ(Q); (2) the restriction of the torsion on H is given by Throughout this paper we shall denote by ∇ only the Biquard connection. Note that in the condition (2) of Theorem 2.2 the inner product < ·, · > of the endomorphisms on H is given by
In [4] Biquard explicitly describes the supplementary subspace V (the vertical space) on the QC-manifolds of dimension bigger than seven. Namely, V is locally generated by the three vector fields ξ 1 , ξ 2 and ξ 3 (called Reeb vector fields), i.e. V = span{ξ 1 , ξ 2 , ξ 3 }, satisfying the conditions:
where means the interior multiplication of a vector field and a differential form.
In the seven dimensional case the Biquard's theorem is not always true. However, Duchemin [14] shows that if we assume the existence of the Reeb vector fields, satisfying the conditions (2.1), then Theorem 2.2 holds. Because of this, throughout this paper we shall assume that a QC structure in the 7D case satisfies the conditions (2.1).
The Riemannian metric g on H can be extended to a metric on the entire T M (i.e. to a Riemannian metric on M) by the requirements H ⊥ V and g(ξ s , ξ t ) = δ st . Note that the extended metric (which we shall again denote by g) is invariant under the rotations in V, i.e. the action of the group SO(3) on V, and of course is parallel with respect to ∇, ∇g = 0.
The fundamental 2-forms ω s of the quaternionic structure (Q, g) on H are defined in a standard way by ω s (X, Y ) := g(I s X, Y ), s = 1, 2, 3, and can be extended to 2-forms on M by requirement ξ ω s = 0, ξ ∈ Γ(V ).
The covariant derivatives of the quaternionic structure and the Reeb vector fields with respect to the Biquard connection are given by (2.2)
where α s , s = 1, 2, 3, are the sp(1)-connection 1-forms of the Biquard connection. The orthonormal frame {e 1 , e 2 = I 1 e 1 , e 3 = I 2 e 1 , e 4 = I 3 e 1 , . . . , e 4n = I 3 e 4n−3 , ξ 1 , ξ 2 , ξ 3 } of T M is called a QC-normal frame at a given point p ∈ M, if the connection 1-forms of the Biquard connection vanish at p. The existence of a QC-normal frame at any point of M is provided by Lemma 4.5. in [18] .
Invariant decompositions of the endomorphisms of H. Any endomorphism Ψ :
H → H of H can be decomposed in a unique way into four Sp(n)-invariant parts with respect to the quaternionic structure (Q, g) as follows:
where Ψ +++ commutes with all three I i , Ψ +−− commutes with I 1 and anti-commutes with the others two, etc. Further, we can regard Ψ as decomposed into two Sp(n)Sp(1)-invariant parts with respect to (Q, g), Ψ = Ψ [3] 
Note that in the above decomposition the lower indices [3] and [−1] arise from the fact that Ψ [3] and Ψ [−1] appear the projections of Ψ on the eigenspaces of the Casimir operator
corresponding, respectively, to the eigenvalues 3 and −1, see [5] .
In the case n = 1 an important fact is that the space of the symmetric endomorphisms of H, commuting with all three almost complex structures I s , is one-dimensional. Consequently, the [3] -component Ψ [3] of any symmetric endomorphism Ψ of H is proportional to the identity operator Id |H of H, explicitly, Ψ [3] 
Id |H .
2.3.
The torsion and the curvature of Biquard connection. The torsion tensor T of Biquard connection is defined as usually by
The corresponding tensor of type (0, 3) via the metric g is obtained in a standard way and is denoted by the same letter, T (A, B, C) = g(T (A, B) , C). The restriction of the torsion to the horizontal space H has the expression
see [27] . For an arbitrary but fixed vertical vector field ξ ∈ Γ(V ) one obtains an endomorphism T ξ on H, defined by
The torsion endomorphism T ξ is completely trace-free [4] , i.e. trT ξ = tr(T ξ • I s ) = 0, or explicitly (2.3) T (ξ, e a , e a ) = T (ξ, e a , I s e a ) = 0.
We shall need the identities 
For a fixed Reeb vector field ξ i the skew-symmetric part b ξ i of T ξ i can be represented as
where U is a traceless symmetric endomorphism of H, which commutes with all three almost complex structures I s , s = 1, 2, 3. As a consequence in the case n = 1 one obtains that the tensor U vanishes identically, U = 0, (see the end of Subsection 2.2) and the torsion endomorphism T ξ is a symmetric tensor, T ξ = T 
These tensors satisfy the equalities
The symmetric part T 
where as usually
. As a corollary of (2.7) and (2.8) we obtain the equality
As a consequence of (2.7) and (2.9) we get (2.10)
The curvature tensor R of Biquard connection is defined in a standard way by
The corresponding tensor of type (0, 4) with respect to the metric g is denoted by the same letter, R(A, B, C, D) := g(R(A, B, C), D).
There are several tensors, arising from the curvature tensor, which play crucial role in the QC geometry. The QC-Ricci tensor Ric, the QC-scalar curvature Scal, the normalized QC-scalar curvature S, the QC-Ricci forms ρ s and the Ricci-type tensors ζ s of the Biquard connection are defined, respectively, by the following formulas. Some significant relations between the upper objects and the torsion tensors are established in [18] (see also [20, 25] ). Namely, the next formulas hold.
(2.12)
In the seven dimensional case (n = 1) the upper formulas are valid with U = 0. An important class of QC structures consists of the QC-Einstein structures, defined as follows.
Definition 2.3. A QC structure is called QC-Einstein, if the horizontal restriction of the QC-Ricci tensor is proportional to the metric, i.e. (2.13)
Ric(X, Y ) = 2(n + 2)Sg(X, Y ).
A manifold endowed with a QC-Einstein structure is called QC-Einstein manifold. The first equality in (2.12) implies that the QC-Einstein condition (the equation (2.13)) is equivalent to the vanishing of the torsion endomorphism, i.e. T 0 = U = 0. An established in [18] result asserts, that a QC-Einstein structure of dimension bigger than seven has constant QC-scalar curvature, and the vertical distribution is integrable. The corresponding result in the seven-dimensional case is recently established in [19] .
Note that the vanishing of the horizontal restriction of the sp(n)-connection 1-forms α s , s = 1, 2, 3, implies the vanishing of the torsion endomorphism T ξ of the Biquard connection, see [18] .
Examples of QC-Einstein manifolds are the 3-Sasakian manifolds, since they have zero torsion endomorphism. The converse is also true in a local sense, namely, any QC-Einstein manifold with positive QC-scalar curvature is locally 3-Sasakian [18] (see [26] for the case of negative QC-scalar curvature).
2.4.
The horizontal divergence theorem and the sub-Laplacian. On a QC manifold (M, g, Q) of dimension 4n+3 the horizontal divergence of a horizontal 1-form (or a horizontal vector field) ω ∈ Λ 1 (H) is defined by
If η = (η 1 , η 2 , η 3 ) is a fixed local contact form of the QC manifold then for an arbitrary s ∈ {1, 2, 3} the form
s is locally defined volume form, which is independent of the choice of s and the local 1-forms η 1 , η 2 and η 3 . Consequently, V ol η is globally defined volume form on (M, g, Q) . If the QC manifold is compact, the integration by parts over M is possible due to the next divergence formula:
see [18] , [37] . For a smooth function f on M the horizontal Hessian ∇ 2 f (·, ·) : Γ(H) × Γ(H) → Λ 0 (M) and the sub-Laplacian ∆f ∈ Λ 0 (M) are defined in a standard way by
By definition, the horizontal gradient of f is the vector field ∇f, s.t.
Any (non-zero) smooth function f satisfying the equation ∆f = λf for some constant λ is called eigenfunction, corresponding to the eigenvalue λ of ∆. In the case of compact M the last equation and the divergence formula yield the non-negativity of the spectrum of the sub-Laplacian.
Some basic identities
In this section we list some identities which we shall use in the proof of the main results. We shall need the next Ricci identities [18, 27] (3.1)
As a consequence of the first identity in (3.1) we get
The next basic formula that we shall use is a representation of the curvature tensor [25, 27] 
where the Ricci 2-forms are given by (see [25] or [27] ) (3.4)
− 2(∇ ea U)(e a , X),
By the well-known formula for the relation between two metric connections, we obtain the next one in the case of the Biquard connection ∇ and the Levi-Civita connection ∇ g of the extended Riemannian metric g:
Proof of Theorem 1.2
Let λ is the first (non-zero) eigenvalue of the sub-Laplacian and f is a smooth function on M that satisfies the equalities 
Proof. Following [34] , we begin with the Bochner-type formula, established in our previous paper [22, (3. 3)]
As well as in the higher dimensions, this formula is at the root of the proof of the desired estimate. The next basic formula is [23, (3. 3)]
Integrating over M the both sides of (4.4) for n = 1 and X = ∇f and using the integral identity
and (2.10), we obtain (4.6)
It should be noted that in the calculations for getting (4.5) we used (3.2), an integration by parts and the Sp(n)Sp(1)−invariance of the expression 3 s=1 ∇ 3 f (I s ∇f, I s e a , e a ), which allows us to work in a QC-normal frame.
Further, we take the next inequalities for the Sp(n)Sp(1)-invariant parts of the horizontal Hessian, [22, (4.6) and (4.7)],
which in the seven-dimensional case (n = 1) give the next inequality for the norm of the horizontal Hessian:
Taking into account the divergence formula, we get the integral identity
Finally, integrating (4.3) over M and using (2.10), (4.6), (4.7) and (4.8), we obtain (4.2).
The next decisive step is to find a convenient estimate of the term M 
Proof. First, it should be noted, that the tensor T ξs that appears in the last term of the righthand side of (4.9), is assumed to be the tensor of type (0, 2), corresponding to the torsion endmorphism T ξs via g. The left hand side of the desired equality (4.9) is an Sp(n)Sp(1)-invariant and hence we can do our computations in a QC-normal frame. Using the first and the third Ricci identity in (3.1) and the properties of the torsion endomorphism, after some standard calculations we have (4.10)
which proofs the lemma.
Applying (4.9) to the case of a seven-dimensional QC manifold and an eigenfunction f on it, we obtain the next Substituting (4.12), (4.13) and (4.14) in the right-hand side of (4.9) and using the properties of the torsion tensor, we get (4.11) after a number of standard computations.
which ends the proof of Theorem 1.2. In a similar way, the case of equality in Theorem 1.2, i.e. λ = 1 3 k 0 , together with the a-priori condition (1.5) and (4.27) give us the identity
which holds for the extremal eigenfunction f . Using the first formula in (2.12), the upper identity can be rewrited as
Now, obviously the assumption of the condition b) in Corollary 1.3 gives us the desired estimate (1.7), which ends the proof of Corollary 1.3.
